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Structure of Dense Krypton Gas:
Percus-Yevick and Monte Carlo
Results

J. RAM+t and P. A. EGELSTAFF
Physics Department, University of Guelph, Guelph, Ontario, Canada N1G 2W1

(Received November 30, 1983)

Monte Carlo calculations of the pair correlation function g(r) and numerical solutions of the
Percus-Yevick equation are reported for a Lennard-Jones potential, the krypton potential of
Barker et al. and a long range three-body (triple dipole and dipole-dipole-quadrupole) potential
at 297 K and densities between 2 and 14 x 1027 atoms/m>. We compare in real and Fourier
space, and also calculate the pressure and compressibility. The latter two quantities are com-
pared to experimental data on the 297 K isotherm, and while the PY results are in agreement the
Barker et al. potential results are significantly different for p > 3 x 1027 atoms/m>.

1t is found that if the point where u(r) = 0 is chosen appropriately either Lennard-Jones or
Barker et al. potential would yield a reasonable fit to the structure factor, S(g), for ¢ > 2A~1,
The shape of the attractive part of the potential influences S(g) mainly for ¢ < 1 A~'. Except
at values of ¢ < 2 A~! the effect of three-body forces on the structure factor is negligible at the
state (p = 14 x 10%7) studied here.

I INTRODUCTION

Recently Egelstaff and coworkers!'® have measured accurately the structure
factor of gaseous krypton at various densities and compared it with Monte
Carlo computations. They were able to extract some information about the
range of many-body interactions and in a later paper? show that the con-
tribution to g(r) or S(q) decreases with increasing density if a three-body
potential having the Axilrod-Teller* form is used.

The computer simulation method has been used widely to study model
fluids.® In this paper we report such calculations of the pair correlation

+ On leave of absence from the Department of Physics, Banaras Hindu University, Varanasi-
221005, India.
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function g(r) for dense krypton gas as a function of density along an isotherm.
An attempt has been made to investigate the effect of a long-range three-
body (triple dipole and dipole-dipole-quadrupole) potential on the short
range part of g(r). We shall present our results in Fourier space in order to
suggest improvements to diffraction experiments and to interpret experi-
mental data.!>?

The Lennard-Jones (12-6) (LJ) fluid has been widely studied by both
theoretical and computer simulation methods.® Although the L} model is
known to be inaccurate as a representation of the intermolecular potential
for inert gases,® it is sufficiently close to reality that the LJ fluid provides a
convenient model for testing liquid theories and for investigating such
phenomena as melting, the liquid-vapor interface, nucleation, etc. In this
paper we compare LJ and Barker et al. fluids to find the relevant part of the
two-body potential of interest in comparisons of absolute values with
experiment. For the same reason in Section II we compare the LY and
krypton potential of Barker et al.” and their Percus-Yevick (PY) structure
factors. For later comparison with experiment’-® we chose an isotherm at
297 K and densities between 2 and 14 x 10?7 atoms/m?>.

Section III outlines our Monte Carlo calculations and its comparison with
PY results for LJ and Barker et al. potentials. We present also calculations
of the pressure and compressibility for these cases, and compare to real
experimental results to show the effect on these properties of many body
forces. In Section IV we have discussed the effect of three-body forces on the
structure factor.

Il PY STRUCTURE FACTORS FOR LJ AND BARKER et al.
POTENTIALS

If the PY approximation
c(r) = g(nl1 — exp(fu(r))] (1

is combined with the Ornstein-Zernicke definition of the direct correlation
function ¢(r),

W) = o) + p f Gh(r — 1)) dr, @

where § = 1/kT, p is the number density, and u(r) the intermolecular poten-
tial, then one obtains an integral equation for the radial distribution function
g(r). It is expedient to solve this equation by an iterative procedure. Conver-
gence is enhanced by writing®

K = (1= bl + ohly 3
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FIGURE 1| (a) The Barker er al.” potential for krypton as a full line and the Lennard-Jones
potential deduced from the properties of the solid'® as a dashed line. (b) The structure factors
of krypton gas at 297 K and p = 6 x 10*” atoms/m® calculated from the Percus-Yevick
equation using the two potentials shown in (a). The value of S(o) calculated in Section I11B is
shown by the circle on the S(g) axis.
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where h{%) and h%, are the nth input and output respectively and « is a mixing
parameter. Starting with a trial h, we iterate until a self-consistent h is ob-
tained. We used the following convergence criterion

|he+ D — | < 1074 @)

The resulting numerical functions were Fourier transformed to find the
structure factor S(g), where

S@ =1+ j pee " [g(r) — 1] dr 5)

Figure 1 compares the LJ'° and Barker et al.” krypton potentials and
their PY structure factors at T = 297K and p = 6 x 10?7 atoms/m>. The
small shift between the two potentials at the position where u(r) = 0 (Figure
1a) causes the oscillations of S(q) for ¢ > 1.5 A~ ! to be slightly out-of-phase
in Figure 1b. However the important differences occur for g < 1.0A~! and
are related to the differences of u(r) in the range 4 A < r < 10 A. As this is
the range over which both u(r) and the three-body potential show important
features, experimental measurements for g < 1.0 A~ ! need to be carried out
carefully. In fact, if the point where u(r) = 0 is chosen appropriately, it
appears from Figure 1 that the predictions of these two potentials would
agree for g > 1 A~ 1. This conclusion is, of course, in accord with the results
of perturbation theory. The differences at g < 1 A~! are made evident
because the density is that of a gas. Because liquids are relatively incompres-
sible for states near the triple point, their intensity for g < 1 A is low and
the experimental data is so poor that this difference is not observed. Thus
improved measurements on liquids for ¢ < 1 A~! would be desirable to
observe the difference between predictions based on different u(r)’s.

Il MONTE CARLO STRUCTURE FACTORS COMPARED TO
THE PERCUS-YEVICK APPROXIMATION

A Structure factors

The Monte Carlo calculations using the pair potential were carried out with
a 500-particle system located in a cubical box. An NVT ensemble’ and
periodic boundary conditions were used. Fourteen states having densities
between 2 and 14 x 10?7 atoms/m> and a temperature of 297 K were simu-
lated using the pair potential of Barker et al.” for krypton (K2) and runs of
300,000 configurations. Each simulation began with the particles being placed
randomly with no overlap within the cubical box, and the first 25000 con-
figurations were used to equilibrate the system. To monitor the calculation
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for bottlenecks and an insufficient number of equilibrating configurations,
the configurational energy and the mean squared displacement were ex-
amined every 5000 configurations. At the end, estimates of the average
configuration energy and its uncertainty were obtained and compared with
the energy obtained from the integral p/2 { g(r)u(r) dr. The calculation was
terminated when two methods gave agreement of (typically) less than 1
percent. Table I is a list of these g(r) data.

In the Fourier transformation to find the structure factor from the Monte
Carlo radial distribution function it is necessary to extrapolate the data to
R — 0. For these cases the data were extrapolated beyond R(= r/R,,) = 4.5
up to R = 8 using the Percus-Yevick radial distribution function, and for
R > 8 weset g(r) = 1. This introduces an error at low g in the Fourier space
results, and therefore we shall not use these results for ¢ < 0.4 A~ 1. We have
also done similar Monte Carlo calculations for the LJ potential on three
states (6, 11 and 14 x 10?7 atoms/m?).

Three examples of the resulting Monte Carlo and PY structure factors
(at densities of 6, 11, and 14 x 10?7 atoms/m?) are shown in Figures 2, 3a,b
and 4a,b. Figure 2 compares the Monte Carlo results corresponding to the

2.2 I I l 1

1.5 + —

g (Unverse Angstroms)

FIGURE 2 Monte Carlo structure factors for kryptonat 297 Kand p = 6 x 10?7 atoms/m>.
The full line is simulated with Barker et al.” pair potential and long-dash-dot line is a simulation
using Lennard-Jones potential. The value of S(o) calculated in Section IIIB is shown by the
circle on the S(q) axis.
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FIGURE 3 (a) The same as Figure 2 but for p = 11 x 10?7 atoms/m>. (b) The same as
Figure 1b but for p = 11 x 1027 atoms/m?,
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FIGURE 4 (a) The same as Figure 2 but for p = 14 x 10?7 atoms/m3. (b) The same as
Figure 1b'but for p = 14 x 10?7 atoms/m?>,
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data shown in Figure 1. For Figures 3 and 4 the two Monte Carlo results are
compared in part (a) while the PY results are compared in part (b). From
Figures 1 and 2 it is seen that if we compare either the Monte Carlo or PY
results for both the potentials we reach the same conclusion as discussed in
Section I1. The circle on the S(g) axis shows the value of S(0). It is evident that
at p = 6 x 10?7 atoms/m? there is a substantial peak at the origin similar
to that shown in Figure 1 for the PY data.

In Figures 3a and 3b we note that, unlike Figures 1 and 2, the peak
positions for the MC and PY results are different. The PY peaks are shifted
to higher g by about 0.1 A~ Relatively large differences are observed at
low g with similar conclusions as for Figures 1 and 2. In Figures 4a and 4b
peak shifts between MC and PY results are seen, and at low g similar relative
differences to Figure 3a. In both cases the MC data show a larger ¢ — 0 limit
than the PY data.

The conclusions from data shown in these curves for p = 6 x 10?7
atoms/m? are in qualitative agreement with those drawn from data at lower
density, either published:? or obtained in this investigation. However at
the lower densities we may use a virial expansion for S(q) to obtain reliable
results at low g, and also the differences between MC and PY results vanish
at low p.

B Thermodynamic functions

The thermodynamic functions can be expressed in terms of the radial
distribution functions with the following equations:

2np du(r)

P _ - 3
ﬂ;—l 3 ), r°p pm g(r)dr (6)
a [ee]
kT(a—I‘;)T =1+ 4mp fo P2[g(r) — 1]dr 1)
and from Eqgs (5) and (7)
—o =%\ - &
Sg =0) = kT<aP)T = pkTy (8)

where P is the pressure and y the isothermal compressibility. The integral
in Eq. (6) was evaluated by using a one-interval 16 point Gaussian integra-
tion, and the integrand was divided into a number of intervals. We have
checked the accuracy of our evaluation by using different upper limits of
integration. On the basis of these calculations, 11 intervals and an upper
limit of R(=r/R,) = 10 were used to evaluate the integral. We estimate the
numerical error to be +0.015.
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FIGURE 5 Equation of state of a Barker e ol.” fluid at T = 297 K. Crosses are the Monte

Carlo results; full line, experimental data. In addition to the densities used in our calculations
(p = 2 x 10%7 atoms/m>) we have shown data at lower p taken from a previous paper.'*
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The pressures obtained from the Barker et al. potential and Eq. (6) are
plotted in Figure 5, and for p > 3 x 10?7 atoms/m?® there are significant
differences from the experimental data showing the relative importance of
many body forces to this property. By contrast the PY pressures are in good
agreement with the experimental values, as shown by the differences plotted
in Figure 6. Thus in this case the error in the PY approximation fortuitously
accounts for the many body potential terms. Finally we show in Figure 6
a line representing the equation cp?, where the coefficient ¢ is determined
from the three body potential term in the third virial coefficient of the
pressure. The general agreement suggests that the higher terms mutually
cancel.

0.5
Loar A
Q
X
203
a
02
ol F
) 1 1 1 i 1
0 2 4 6 8 10 12 14

27
x 10" atoms/m’

FIGURE 6 Pressure differences at T = 297 K. Crosses, experimental curve minus MC data
from Figure 5. Triangles are similar results for PY minus MC data. Full line is extrapolation
of 3rd virial coefficient term from low to high density.

By smoothing and then differentiating the MC data in Figure 5, we have
obtained 0p/dP |y, and used Eq. (8) to find  and S(o0). Conclusions from these
results are essentially the same as discussed above, and the values of S(o)
are shown in Figures 2, 3a and 4a. In Figures 1, 3b and 4b the S(o)’s obtained
in the same way but using the PY g(r)’s are shown by circles.
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IV STRUCTURE FACTORS IN THE PRESENCE OF
THREE-BODY FORCES

For the purpose of investigating the effect of three-body interactions on the
structure of fluids, we used the effective potential of Sinha et al.'' which is
given in reduced form as

off . 2r I @ pRiz+Ry3
wR) = w R = 2o T [ [ go(Rig(Ru)
12 0 V|Ri2—Rys]
x {exp[ —u*(123)/T*] — 1}R3R,3dR,3dR,; Q)

where go(R;;) is the true pair potential radial distribution function, u*(R;;)
(=u/e) the reduced interaction energy between the particles of an isolated
pair, p*(= pR3) is the reduced number density, T*(= kT/¢) the reduced
temperature and u*(1, 2, 3) is the reduced three-body nonadditive interaction
given as

u*(la 23 3) = Z’lkll Wlll(]-’ 27 3) + ZTlZ W112(13 29 3)
+ ZY W51 (1, 2,3) + Z%: Wh14(1, 2, 3). (10)

In Eq. (10) the subscripts 1 and 2, respectively, indicate the interactions
arising due to dipole and quadrupole. Each Z* in (10) is an integration con-
stant in dimensionless form depending on the atomic species. Since all
three atoms 1, 2, 3 are identical,

ZY1, = 2Ty = Z%1.

The function W,(1, 2, 3) is given by

Wiii = 3(R12Ry3R3;)7%[1 4 3cos y, cos y, cos y;] (11)
Wi2y = 16(R12 Ry3) ™ *R37°[9(cos y, — 25 cos 3y?)
+ 6cos(y, — v3)(3 + Scos2y,)] (12)

The y’s are the interior angles of the three-particle triangle and are related
to the integration variables according to the cosine law, as

y; = arccos[(R%; + Ri; — R31)/2R(,R ;5]
v, = arccos[(R%; + R3; — R13)/2R 5 R,;5]
y3 = arc cos[(R}; + R}; — R},)/2R,3 R3] (13)

The effective potential is evaluated using the krypton potential of Barker
et al. and its Monte Carlo values for the radial distribution function at T =
297K and p = 14 x 10?7 atoms/m?3. The values of the integration constants
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FIGURE 7 Monte Carlo and Percus-Yevick structure factors for krypton at 297 K and
p = 14 x 10?7 atoms/m>. (a) Monte Carlo simulation with the Barker et al. pair potential
—— dash line. Monte Carlo simulation using an effective potential obtained by adding triple
dipole and double dipole-quadrupole terms to the former potential — fullline. (b) Percus—Yevick
solution using Barker et al. pair potential — ~ dash line. Percus-Yevick solution using an
effective potential discussed above — full line. The circle on S(g) axis shows the value of S(o)
obtained in section I1IB.
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used are due to Bell!? for krypton, given as
Z%,, = 0.010281; Z¥,, = 0.000694 (14)

The Monte Carlo calculation was done using the numerical values of this
effective potential. Though this effective potential is state dependent the
advantage of using this is, once the effective potential is evaluated it takes
the same time in Monte Carlo calculations as in the case of the usual two-
body computations. On the other hand the calculations including the triplet
interactions required 15 times more computer time than that for the usual
computations based on the pair potential.

The resulting Monte Carlo and PY structure factors are plotted in Figure 7.
From comparison with the two-body results we notice that except at low
values of g the effect of three-body forces on the structure factor is negligible,
and that there is a general similarity between Figures 7 and 4 in spite of the
addition of the 3-body potential.

Recently Ram ez al.'!'!? have made a systematic study using an integral
equation perturbation theory to see the effect of three-body nonadditive
dispersion interactions on the equilibrium properties of argon and xenon.
They have found that its effect on the radial distribution function is negligibly
small at high densities.

V CONCLUSIONS

We have made Monte Carlo simulations of a system of atoms and numerical
solutions of the Percus-Yevick equation at room temperature interacting
with the Lennard-Jones (12-6) potential, krypton potential of Barker et al.,
and a long range three-body (triple dipole and dipole-dipole-quadrupole)
potential. The object has been to find the relevant part of u(r) and S(g) for
the comparisons of absolute values with experiment and to investigate the
effect of a long range three-body potential on g(r) and S(g). In the case of
the pressure the MC data using the Barker er al. potential showed significant
differences from experiment, while the PY values were in agreement.

In comparisons of Lennard-Jones and Barker et al., krypton potentials
and their Monte Carlo and PY structure factors, we found that if the point
where u(r) = 0is chosen appropriately either potential would yield a reason-
able fit to the data for ¢ > 2 A~'. Also we have found that except at low
values of g the effect of three-body forces on the structure factor is negligible
at the state studied here.

This investigation has consolidated previous investigations®** and estab-
lished the importance of densities near 6 x 10?7 atoms/m® and ¢ < 1A!
in the study of effects related to three body and higher forces.
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